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Input-to-State Stability and Exponential Stability for Time-Delay Systems:
Further Results
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Abstract— The main contribution of this paper is to estab-
lish a link between the exponential stability of an unforced
system and the Input-to-State Stability (ISS) via the Liapunov-
Krasovskii methodology. It is proved that a system which is
(globally, locally) exponentially stable in the unforced case is
(globally, locally) input-to-state stable when it is forced by a
measurable and locally essentially bounded input, provided
that the functional describing the dynamics in the unforced
case is (globally, on bounded sets) Lipschitz and the functional
describing the dynamics in the forced case satisfies a Lipschitz-
like hypothesis with respect to the input. Moreover, a new
feedback control law is provided for delay-free linearizable and
stabilizable time-delay systems, whose dynamics is described by
locally Lipschitz functionals, by which the closed loop system
is ISS with respect to disturbances adding to the control law,
a typical problem due to actuator errors.

Keywords: Input-to-State Stability, Exponential Stability,
Nonlinear Time-Delay Systems, Liapunov-Krasovskii Theorem.

I. INTRODUCTION

For non-delayed systems, the Input-to-State Stability (ISS)
property has been widely studied and its efficiency has been
proved in practical applications such as networked control
and robot manipulators (see for instance [1], [2], [3], [4],
[5], [6], [7], [8] and for a survey [9]). The main point here
is to focus on the robustness problem of nonlinear perturbed
systems with possible large perturbations. ISS implies not
only that the unperturbed system is asymptotically stable
in the Liapunov sense but also that its behavior remains
bounded when its inputs (eg. exogenous perturbations) are
bounded. This is due to the contribution of Sontag in [10],
who was the first to harmonize the Liapunov state and the
input-output approaches (see [11], [12], [13], [14]).

Recently, some authors have attempted to address the lack
of results regarding time-delay systems. Until 2003, only the
work [15] by Teel had been devoted to the ISS property. In
Teel’s paper, a definition of the input-to-state stability for
time-delay systems was given and sufficient conditions were
stated using a Razumikhin-type theorem. In [16], Pepe and
Jiang extended the definition of the ISS-Liapunov function
to Liapunov-Krasovskii functional and presented a sufficient
condition to guarantee the ISS property. Also, a recent paper
by Liberzon [17] is devoted to the quantized approach and
ISS using Teel’s propositions.

The scientific community’s interest in the ISS property for
time-delay systems is now rapidly increasing. In this context,
we hope that this work will open even more perspectives with
regard to this topic. Specifically, in this paper, we will exhibit
a link between exponential stability and the ISS property.
Exponential stability has proved its efficiency in networked
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control (see eg. [18]). However, the influence of disturbances
on the solutions behavior have to be more deeply analyzed
from both a qualitative and a quantitative point of view. For
networked control systems, a first work in this direction is
the paper [19] by Polushin and Marquez relying on Teel’s
results, which may be somewhat conservative due to the use
of Razumikhin-Liapunov functions. Characterization of ISS
for nonlinear time-delay systems is still a hard task despite
recent results ([16], [20], [21].

We show in this paper a link between ISS and exponential
stability for a large class of systems. It is proved that a
system which is (globally, locally) exponentially stable in
the unforced case is (globally, locally) input-to-state stable
when it is forced by a measurable and locally essentially
bounded input, provided that the functional describing the
dynamics in the unforced case is (globally, on bounded
sets) Lipschitz and the functional describing the dynamics
in the forced case satisfies a Lipschitz-like hypothesis with
respect to the input. Moreover, a new feedback control
law is provided for delay-free linearizable and stabilizable
time-delay systems, whose dynamics is described by locally
Lipschitz functionals, by which the closed loop system is
ISS with respect to disturbances adding to the control law, a
typical problem due to actuator errors.

Notations:

For y € R™, |y| denotes the Euclidean norm of the vector
y. The essential supremum norm of an essentially bounded
function is indicated with the symbol || - ||oc. A function u
is said to be essentially bounded if esssup,sg |u(t)] < oo;
for given times 0 < 77 < T5, we indicate ‘with U[T, Ty) °
[0,4+00) — R™ the function given by up, 1,)(t) = u(t)
for all ¢ € [T1,T) and = 0 elsewhere. An input u is said
to be locally essentially bounded if, for any T' > 0, uo 1)
is essentially bounded. A function w : [0,b0) — R, 0 <
b < 400, is said to be locally absolutely continuous if it
is absolutely continuous in any interval [0,¢], 0 < ¢ < b; a
continuous function w : [0,00) — [0, 00) is of class K if it
is strictly increasing and w(0) = 0, is of class Ko if it is of
class K and is unbounded. A function 3 : [0,00)? — [0, )
is of class ICL if for each fixed ¢ the function s — (s, 1) is
of class K and for each fixed s the function ¢ — ((s,t) is
non-increasing and goes to zero as t — oo.

For a given 7 > 0, C denotes the space of continuous
functions mapping the interval [—7, 0] into R™ and for ¢ € C,
llell, = sup_,<g<q |¢(8)]. For a given positive real H, Cg
denotes the space of continuous functions ¢ mapping the
interval [—7, 0] into R™ such that ||¢||. < H.
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With the symbol || - ||, (see [16]) we indicate any semi-
norm in C, such that, for some positive reals 7,,7,, the
following inequalities hold

Yalp(0)] < [[9lla < Va ., Yo €C (1

For any continuous function z(s) defined on —7 < s < A,
A > 0, and any fixed ¢, 0 <t < A, the standard symbol x;
will denote the element of C defined by z.(0) = z(t + 6),
—7<6<0.

II. PRELIMINARIES
A. Exponential stability of unforced systems

We will consider the exponential stability problem for the
following equation in R™ with bounded delay 7 > O:

{i“(t)f(xt), t>0, f(0)=0;
xozwv

where ¢ € C, and f : C — R" is continuous and Lipschitz
on bounded sets.

In this paper, we shall denote by x(t,) (a vector of R™)
the solution at time ¢ of system (2) with the initial condition
1) at 0. We shall, by convenient abuse of notation, consider
2+(¢)) (a function of C) also a solution of (2). Observe that
xo(p) = 1. We recall here the definition of exponential
stability in the case of time-delay systems.

Definition 2.1: The solution z(t) = 0 of (2) is exponen-
tially stable if there exists positive reals H, A, B such that
for every ¢ € Cpr the solution x4(1)) of (2) exists V ¢t > 0
and furthermore satisfies

lze ()l < Ae” P [l 3)

Definition 2.2: The solution z(t) = 0 of (2) is globally

exponentially stable if there exists positive reals A, B such

that for every ¢ € C the solution x;(1)) of (2) exists V ¢t > 0
and furthermore satisfies

@), < Ae™* g, )
The next two theorems (here reported for the time invariant
case), proved in [22, Lemma 33.1], will play an important
role in the proof of our main theorems in the next section.
Theorem 2.3: If the system (2) is exponentially stable
(with initial conditions in Cgy, 0 < H < 4o00) then there
exists a continuous functional V/(¢) defined on Cx and
positive constants C;, ¢ = 1,2, 3,4, such that the following
conditions hold V¢, & € Cu:

A

2

Cillell, £ V(p) < Callell, (5)

Jim sup V(:vh(w)iz —V(p) <yl ©)
h—0+

V(e) = V(&) < Culle—E&l. (7)

Theorem 2.4: If the system (2) is globally exponentially
stable then there exists a continuous functional V() defined
on C which satisfies the following conditions in C:

Cillell. < Vip) < Callell, (8)
. V(z -V

timsup V) oy o)
h—0+
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where C;, i = 1,2,3 are some positive constants. More-
over, if the functional f is globally Lipschitz, then there
exists a positive real Cy, such that the following inequality
holds Ve, & € C:

V() = V(&I < Cullg =&l (10)

Remark 1: In Theorems 2.3, 2.4, the coefficients C;, i =

1,2,3,4 depend on the positive reals A, B and on the

Lipschitz coefficient of the functional f in Cg (or in C) and
can be easily computed (see [22]).

B. Input-to-State Stability

As previously stated, a definition of input-to-state stability
for time-delay systems has been given in [15] and a useful
characterization has been presented in [16]. For the reader’s
convenience, and to make our work self-contained, we report
here the definition of ISS for time delay systems and its
characterization with an ISS-Liapunov-Krasovskii functional
(see [10],[16)).

Consider the system

{ z(t) = fxe,u(t)),
Ty = 1/’7

where f is a continuous functional defined on C x R™,
Lipschitz on bounded sets. The input w is a measurable
and locally essentially bounded function of ¢ for all ¢ > 0.
Consider also the unforced system

{ (t) = f(x,0),
Zo = 1/)7

For the reader’s convenience Sontag’s definition of ISS is
reported below (see also [16]).

Definition 2.5: The system (11) is locally input-to-state
stable if there exists two positive reals  and 7, a class KL
function 3 and a class X function ~y such that, Vi) € C,. and
Vu such that esssup,sg |u(t)| < ry, the solution exists for
all ¢t > 0 and furthermore satisfies

a(t, )| < B )+ (lu gl (13)

Definition 2.6: The system (11) is input-to-state stable if
there exist a class KL function 3 and a class K function
such that, for any initial state 1 and any locally essentially
bounded input u, the solution (1)) exists for all ¢ > 0 and
furthermore satisfies

a9 < B )+ (lugllee):  (14)
In the following, the continuity of a functional V' : C —
R is intended with respect to the supremum norm.
Given a continuous functional V : C — R™, the upper-
right hand Dini derivative (as proposed by [23] and used in
[24], [16] and, in a generalized version, in [25]) is given by

>
t=20, (11)

>
£20, (12)

1
DV (p,0) = limsup - (Vigns) = V(g)),  (15)
h—0t
where ¢y, , € C is given by
_ [ e(s+h), se[-1,—h),
Phio(s) = { 2(0) + (s + W) f(p.v), sel-ho. 1O
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It is proved in [26] that, under Carathe6dory conditions, if
the functional V is locally Lipschitz, then, for any ¢ € C,
almost everywhere in ¢,

V(s (0 () = Timsup L Eerh (9)) = V(@)
DTV (2:(¢), ul?)) lhﬁmp 7

a7

Moreover, it is proved in [27] that the problem of the
absolute continuity of the function ¢ — V' (x:(p)) (see the
hypothesis Hp; in [16]) is overcome if V' is locally Lipschitz.

Taking into account the above two facts, a main contribu-
tion in [16] is here reported by the following definitions and
theorems.

Definition 2.7: A locally Lipschitz continuous functional
V :C — R7T is a local ISS Liapunov-Krasovskii functional
for system (11) if there exist two positive reals k1, ko, Koo-
functions a, b, and K-functions y and « such that, Vo € Cy,,
Vu with |u| < ka,

D a([0(0)]) < V(e) < b([l¢lla)

2) DV (p,u) < —a(llella)s  Viella > x(lul)

Theorem 2.8: If system (11) admits a local ISS
Liapunov-Krasovskii functional, then it is locally ISS
with y =a"toboy.

Definition 2.9: A locally Lipschitz continuous functional
V :C — R7 is an ISS Liapunov-Krasovskii functional for
system (11) if there exist K.-functions a, b, and C-functions
x and « such that

D a(le(0)]) < V() < b([l¢]la)

2) DV (p,u) < —a(llella)s  Viella = x(lul)

Theorem 2.10: If system (11) admits an ISS Liapunov-
Krasovskii functional, then it is ISS with v = atoboy.

III. MAIN RESULTS

A. Links between ISS and Exponential Stability

Our main results can now be stated as follows.
Theorem 3.1: Let there exist positive reals H, D and ¢
and a non negative real p < 1, such that:

1) the unforced system (12) is exponentially stable (initial
conditions in Cp);

2) for all ¢ € Cp, for all w € R™ with |u| < D, the
following inequality holds

[f(p,u) = f(,0)] < Emax {[lolc, 1} [u]

Then, the perturbed system (11) is locally input-to-state
stable, with r and 7, in the definition 2.6 being any positive
reals satisfying the inequalities

(18)

r < re <D, (19)

Za

| 2CaIr (2050 \TE Gy Gy H
G '\ G ool A

(20)
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Ci, © = 1,2,3,4, being the positive constants given in
Theorem 2.3 and A being the constant in (3) for the unforced
system (12).

Remark 2: A large class of systems verifies the condition
(18). For instance, systems &(t) = f(x¢) + g(z¢)u(t), with
any f and |g(¢)| < ¢max{[|¢|"~,1}, verify the condition
(18). The term max{||¢||”,1} may be substituted by a
positive constant (included in [), but this would reduce, in
general, the region where the input-to-state stability holds
(see second inequality in 19).

Theorem 3.2: Let the system (12) be globally exponen-
tially stable. Let there exist positive reals L, [ such that

1) the following inequality holds V1, @2 € C

£ (01,0) = flp2,0)] < L1 — 2l 5

2) for all ¢ € C, for all u € R™, the following inequality
holds

[f (@, u) = f(sp, 0)] < Emax{[lgllg , 1} [u]

Then, the perturbed system (11) is input-to-state stable.

21

(22)

B. An input-to-state stabilizing feedback

In this section we consider nonlinear systems

t>0,

Ty = dja 23)
where f, g are locally Lipschitz continuous functionals de-
fined on C, u(t) € R™ is the control input, d(t) € R™ is a
measurable and locally essentially bounded disturbance. In
recent literature (see [28] and [29]), many results concerning
the elementary theory of nonlinear feedback for time-delay
systems have been achieved. On the basis of these results,
we suppose here that there exists a feedback control law
u(t) = k(x¢), where k : C — C is a continuous mapping,
such that, by this feedback control law, the system (23) is
transformed into the system

{ &(t) = Fa(t) + g(z)d(t),

{ &(t) = f (1) + g(w) (u(t) +d(1)),

t>0,
o = 1, (24)
with ' a Hurwitz matrix.

The feedback control % is proved to exist for instance
for the class of nonlinear time-delay systems (with discrete
delays, functions f, g smooth) which admit full uniform
(type-1II) vector relative degree with respect to some smooth
output function h (a suitable change of variables may be
necessary), see [28] [29]. Though the feedback control law
may involve longer delays then the ones involved in the
system dynamics, there is no loss of generality to consider
the same maximum delay in the system and in the control law
(zero terms with higher delays may be added in the system
equations as well as initial conditions defined on longer delay
intervals may be considered, see the example in [28]).

Theorem 3.3: Consider the feedback control law

u(t) = k(zy) — g7 (z¢)Qu(t)x™ (t) Px(t), (25)
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where P € R™™ is any symmetric positive definite
matrix and @@ € R™ " is the symmetric positive definite
matrix solution of F7'Q+QF = —P. Then, the closed loop
system (23), (25) is input-to-state stable with respect to the
measurable, locally essentially bounded disturbance d(t).

Remark 3: Note that in this case the functional g does not
have to satisfy the condition (18) as reported in Remark 2.
As well known, given the symmetrlc 7posmve definite matrix
P, the matrix Q is equal to fo Frtpeftt.,

Remark 4: Note that, for the class of systems studied
in this section, the new feedback control law is the same
proposed by Sontag in the celebrated paper [10], when g is
a function of z(t) and not of z;.

C. Proof of Theorem 3.1

We view system (11) as a perturbation of the unforced
system (12). The main idea of the proof will be to show
that there exists an ISS Liapunov-Krasovskii functional for
system (11); theorem 2.10 will then insure that our system is
ISS. Moreover, the functional we are looking for is the same
as the one for the unforced system (using Theorem 2.3). The
details of the proof are reported below.

Proof: The converse Liapunov theorem 2.3 shows
that the unforced system (12) has a Liapunov-Krasovskii
functional V() that satisfies, in C m, the inequalities (5-

7). Note that V' is Lipschitz in Cu. Let loll, < & and

|u| < D. Computing the upper right-hand Dini derivative of
the functional V' as in (15), we get:

, 1
DtV (p,u) = hr;ﬂ sup > (V(nu) = V()
, 1
= limsup —(V(¢nu) — V(eno)
h—0 h
= V() +V(eno))
, 1
< DTV (p,0) + hr}fl sup 7 (V(nu) = Vieno))
_ 1
—Cs el + hr}nsgp 5 (V(@nu) = Vieno)).

Taking into account the condition (18) on f, the following
inequalities hold for sufficiently small hA:

[V (enu) = V(eno)l < Callonu — enoll,
=Cy sup |onu(s) — @no(s)]
s€[—7,0]
<Cys sup [s+hl|[f(p,u) = f(p,0)]
s€[—h,0]

< Cylhlemax{|lo|[c, 1}]ul

Let w : RT — RT be the class Ko
as: w(s) = 0 min{s,s'7P}, where 0 < § < 5%
llell. > w™t(|ul), the following inequalities hold

function defined
. Then, if

DYV (p,u) < —Csllell. + Catt lloll. < =4l ,

where § = C3 — C4£0 > 0. Let us choose 0 =
5=,

so that

ZC’l’

WePI27.2

Hence, the conditions of theorem 2.8 are satisfied using
the norm ||-||, as a || - ||, norm, a(s) = Cis, b(s) = Css,
a(s) = &s and x(s) = w!(s). We can conclude that the
system (11) is locally input-to-state stable. The positive reals
r < % and 7, < D can be computed by requiring that
the solution z;(y) corresponding to initial conditions ¢ with
llel], < 7 and to input wu(t) with esssup,sq |u(t)] < ry
satisfies the following inequality -

H
lze ()l < < 120

To prove the inequality (26), we have just to consider that,
in the ISS inequality (13) the functions 3 and ~ are here
given, for s, > 0, by

(26)

Cs Cs
B(s,t) = S, P ( 20, ) 27
Cs 2C4ls <QC4ZS) 11?
, 28
V() = o, { Cs Cs @8

Therefore, the inequality (26) follows from the inequality
(19) and the theorem is proved.

D. Proof of Theorem 3.2

Proof: The converse Liapunov theorem 2.4 shows
that the unforced system (12) has a Liapunov-Krasovskii
functional V() that satisfies, in C, the inequalities (8-10).
From the hypothesis 1) on the functional f it follows that V
is globally Lipschitz in C. Computing the upper right-hand
Dini derivative of the functional V' as in (15), we get:

. 1
DYV (p,u) = hr}fl sup > (V(ena) = V(9)
. 1
= limsup —(V(#nu) — V(eno)
h—0 N

—V(®) +V(gno))

, 1

< DTV (p,0) + lim sup +(V(enu) = Vieno))
, 1

—Cs|l¢ll, + hr’fl Sup E(V(Qph,u) —V(pno))-

Taking into account the hypothesis 2) on the functional f,
the following inequalities hold:

|V(<ph,u) - V(SD/L,O)| < C’4 H%Oh,u - QOh,OHC
=C1 sup |onu(s) = eno(s)]
s€[—7,0]
§C4 sup |5+h’||f(<pau)7f(9070)|
s€[—h,0]

< Culh|€max{]|pllg , 1}[ul

Let w : Rt — R7T be the class Ko function defined

as: w( ) 0 min{s,s' 7P}, where 0 < § < 5. Then, if
llell, > w™t(|ul), the following inequalities hold
DYV (p,u) < =Csllell. + Catt ||l < =4 [l ,

where 6 = C3 — Cy4l6 > 0.
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Hence, the conditions of theorem 2.10 are satisfied using
the norm |||, as a || - ||, norm, a(s) = Cis, b(s) = Css,
a(s) = &s and x(s) = w!(s). We can conclude that the
system (11) is input-to-state stable.

|

E. Proof of Theorem 3.3

Let us apply the theorem 2.10 to the closed loop system
(23), (25). Let us consider the Liapunov-Krasovskii func-
tional V (¢) = ¢T (0)Q(0). The following inequalities hold
for |d| < ¢(0)7 Pp(0):

DV (p,d) = " (0)QHp(0) + " (0)H" Qi(0)
7(0) )™ (0)Pp(0)
— 0" (0)Pp(0)¢" (0)Qg(¢)g" ()Qp(0)
(0)
7(0)

— " (0)Pp(0) — 2[" (0)Qg(d)[*¢™ (0) P (0)+
207 (0)Qqg(¢)d <
— " (0)Pp(0) — 2[" (0)Qg(d)[*¢™ (0) P (0)+

20" (0)Q9(6) 0" (0)Pp(0) + 3¢ (0)Pp(0) <

~ 50 Pp(0)

Therefore, by theorem 2.10, it follows that the closed loop
system (23),(25) is input-to-state stable with respect to mea-
surable and locally essentially bounded disturbances d(t).
Note that in this case the Euclidean norm |p(0)| is used as
a ||¢||l. semi-norm.

|

IV. EXAMPLES

Theorems 3.1, 3.2 and 3.3 have nice applications in the
nonlinear feedback control of time delay systems, when a
disturbance adds to the control law, which usually happens
because of actuator errors.

As an application of theorem 3.2, consider the following
time-delay system:

@1 (t) = 2o (t) + [°,0.10a1 (¢ + 0)do
j?g(t) = xl(t — 1)$2(t — 1)+
(14 Jn (e = DIF) (u(t) + d(t))
where u is the control input and d is an unknown measur-

able, locally essentially bounded disturbance. The following
control law

(29)

)

—xl(t — l)xg(t — 1) + [ -2 -3 }
u(t) = [ z2(t) ] ,
].+ |$1(t—1)‘

=

WePI27.2

is such that the closed loop system becomes
@1 (t) = 2o (t) + [°,0.10a, (¢ + 0)do
Fa(t) = —221 (1) — 3x2(t) + (1 +la(t— 1)

[N

) d()
(30)
The closed loop system (30) with zero disturbance (d(t) = 0)
is a globally exponentially stable linear time-delay system (it
can be checked by Proposition 5.15, pp. 171 in [30]). If the
disturbance is present, then the theorem 3.2 allows to say that
the closed loop system (30) has the important ISS property
with respect to the disturbance d(t).
As an application of Theorem 3.3, consider the following
time-delay system:
iy (t) = w2 (t)
j?g(t) = $1(t — T).rg(t - 7')+
(1+ 22 ()a3(t — 7)) (u(t) + d(t))
where w is the control input and d is an unknown measur-

able, locally essentially bounded disturbance. The following
control law ([28], [29])

€2y

i (t — Tt — 1) + AT [ 28 ]

U1 (t) =

)

14+ 22(t)z3(t — 1)

with k € R?, is such that the closed loop system becomes

a1 (t) = 22(t)

oy | 2a(t) 24,2

io(t) =k { } + (L4 23(t)23(t — 7)) d(¢)

3 (t)
(32)

By an easy choice of the vector k, the system (32) with
zero disturbance (d(t) = 0) is an exponentially stable linear
delay-free system . But, if the disturbance is present, the
time-delay closed loop system (32) is not ISS. Actually, any
constant disturbance may cause the state variables to go to
00. By theorem 3.3, the following control law

wlt) =u1(t) = [ 0 1+23)2d(t —7) |Qu(t)xT (t)x(t),
(33)
where (@ is the symmetric positive matrix satisfying
0 ki 1]
s ferel a]e

I is the identity matrix in R2*2, k;, ko are the components
of the vector k, is such that the closed loop system (31, 33)
is ISS with respect to the disturbance d(t). Note that the
functional g is (only) locally Lipschitz, and that the delay 7
can be arbitrarily large.

V. CONCLUSIONS

The ISS theory, recently being adapted to time-delay
systems, is one of the best tools for analysis and control of
nonlinear systems. In this paper, we establish a connection
between ISS and exponential stability of time-delay systems.
It is proved that a system which is (globally, locally) ex-
ponentially stable in the unforced case is (globally, locally)

2063



46th IEEE CDC, New Orleans, USA, Dec. 12-14, 2007

input-to-state stable when it is forced by a measurable and lo-
cally essentially bounded input, provided that the functional
describing the dynamics in the unforced case is (globally, on
bounded sets) Lipschitz and the functional describing the dy-
namics in the forced case satisfies a Lipschitz-like hypothesis
with respect to the input. Moreover, a new feedback control
law is provided for delay-free linearizable and stabilizable
time-delay systems, whose dynamics is described by locally
Lipschitz functionals, by which the closed loop system is
ISS with respect to disturbances adding to the control law, a
typical problem due to actuator errors.
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